The complexity of the Weight Problem for
permutation and matrix groups

Peter J Cameront

School of Mathematical Sciences, Queen Mary, University ofondon, London, E1
ANS, UK

Taoyang Wu?

Department of Computer Science and School of Mathematical cences, Queen
Mary, University of London, London, E1 4NS, UK

Abstract

Given a metric d on a permutation group G, the corresponding weight problem is
to decide whether there exists an element 2 G such that d( ;e) = k, for some
given valuek. Here we show that this problem isNP -complete for many well-known
metrics. An analogous problem in matrix groups, eigenvaludree problem, and two
related problems in permutation groups, the maximum and minmum weight prob-
lems, are also investigated in this paper.
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1 Introduction

Given a metricd on S, the weightof 2 S, is de ned to bewy( )= d( ;e),
whereeis the identity. Now we are interested in the following weighproblems:

Problem 1 d-Weight Problem

Instance: Generators forG in the form of products of cycles, andk in the
range ofd.

Question: Whether there is an element 2 G such thatwy( ) = k.
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Problem 2 d-Maximum Weight Problem

Instance: Generators forG in the form of products of cycles, ank in the
range ofd.

Question: Whethermax ,gwg( ) k.

Problem 3 d-Minimum Weight Problem

Instance: Generators forG in the form of products of cycles, ank in the
range ofd.

Question: Whethermin ,gnregWa( ) K.

Often the permutation group G is given by a set of generating permutations
fo; %, ;gngWhere eachy is presented as the product of cycles. From such
input much information, such asjGj and a membership test, can be obtained
by the Schreier{Sims algorithm in polynomial time [5]. Thee are also many
other polynomial algorithms obtained for di erent properties ofG. For further
information, [16] is a good resource.

For the metrics studied in this paper (see Section 2), whicm¢lude many
well-known metrics, the weight of a given permutation can bealculated in
polynomial time. Therefore the above three weight problemf®r them are in
NP . In this paper, we will investigate the computational compxity of these
problems.

As we will see in Section 3, the weight problems for permutatn groups are
closely linked with the weight problems in coding theory. Iff1], Berlekampet al.
proved that the weight problem for linear binary codes i&lP -complete. Later,
Vardy showed that the minimum weight problem is alsdNP -complete for lin-
ear binary codes in [18].

For the Hamming metric, the NP -completeness of the weight problem was
discovered by Buchheim and Janger in [2]. In permutation grups, the weight
problem is also related to the subgroup distance problem, wte one asks
whether min,y d(; ) K for a given 2 S,, a set of generators of a
subgroupH of S,, and an integerK. The complexity of this problem was
studied by Pinch for the Cayley metric in [14], and later gemalized to other
cases by Buchheinet al. in [4].

In this paper, we give a simple reduction from the permutatio group problem

to the coding problem and prove that, the weight problem andhie minimum
weight problem of many well known metrics (Section 2) i8lP -complete. For
the maximum weight problem, we show it iSNP -complete for these metrics
by a reduction from a well known NP -complete problemNAESAT [13].
The casel; is a bit di erent, since the maximum weight problem is inP; the
other two problems are shown to b& P -complete by a di erent reduction. We
also prove theNP -completeness of a problem, the Eigenvalue-Free problem
(Section 7), for matrix groups over nite eld. Let us remark here that an



extended abstract, including some of these results, has agved in [7].

The remainder of this paper is organized as follows. After seying some
metrics on a permutation group in Section 2, we investigatene connection
between the weight problems of permutation groups and codes Section 3.
The maximum weight problem for Hamming metric is studied in &ction 4
and the other cases is investigated in Section 5 with one eptien, the I, ,
which is studied in Section 6. The problem in matrix groups isliscussed in
Section 7 and we study some further topics with open problenis Section 8.

2 Some metrics on permutation groups

A metric don S, is calledright-invariant ifd(; )= d( ; )forany ;; 2
S,. If dis right-invariant, then d(; )= d( Y€)= wg( ). Conversely,
if w is any function from S, to the non-negative real numbers satisfying

w( )=0ifand only if = g,
w( ) w()+w()forany ; 2 S,,

then w is the norm derived from a right-invariant metric onS,.

A metric dis left-invariant if d(; )= d( ; )forany ;; 2 S,. Ifwyis
the norm derived from a right-invariant metric d, then d is left-invariant if and
only if wy is conjugation-invariant, that is, w( H=w( )forall ; 28S,.

This holds if and only if the metric d does not depend on the ordering of the

In this section we will survey some well known right-invariat metrics on S,.
For more detailed discussion, we recommend [8,9].

Hamming Distance H(; )= jfij (i) 6 (i)g].

Cayley Distance T(; ) is the minimum number of transpositions taking
to

Movement The movement of a permutation (see [15]) is de ned as

M( )= max | (A)nAj:
Af ng

This is easily seen to be a norm, and so the corresponding metgiven by
du(; )= M( 12>i5 right-invariant.

Footrule: 1:(; )= 1L,;j (i) )i 4.

Spearman's rank correlatioqn L(; )= i ) (i))2.

(L p<L)l(: )="* Lij() @0F

Iy (5 )=maxy i nj (i) (j.




: P T
Lee Distance L(; )=, min(j (i)
Kendall's tau: I ( ;

positions needed to obtain from

I(;

For a taste of the above metrics, we give the following tabl@tshow the weight

)= Jf())i1

Ulam's Distance U(;
increasing subsequence in ( 1(1);

)= n

Min g ()

n, ()< () )> ()9

Q)
) = the minimum number of pairwise adjacent trans-
, I.e,

k, where k is the length of the longest
(n)).

of elements in Klein four-groupG = R(1;2)(3;4) (1; 3)(2;4)i.

cycles HI{M [T/l | lo L |L|I]U
[1,2,3;4] | (D@)@B)@4) |0 0|0]|0]| O 0 0|0(0|0
[2;1;4;3]| (1,2)(384) |4 | 2|2|4| 2 QZ 11422
[3;4;1;2]| (1,3)(2,4) |42 |2|8| 4 2'%21 2 18|4|2
[4;3;2,1]| (1.4)23) |42 |2|8 P P2(1+3P) | 3 | 4|63

The Hamming, Cayley and movement metrics are left-invarianthe others are
not.

We note that the minimum Hamming weight of a permutation grop G is
usually called theminimal degreeof G; this parameter was extensively studied
in the classical literature of permutation groups.

3 A connection with coding theory

In this section, we will prove that the weight problem and mimmum weight
problem for all the metrics given in Section 2 except fdr, are NP -complete
by using a reduction from some problems in coding theory.

Recall that the Hamming weightw(c) of a binary word c of length n is de ned
to be the number of non-zero coordinates af. A linear binary code C is
a subspace ofF), given by a set of words forming a basiE€ for C. The
Hamming weight and maximum and minimum weight problems forimear
codes are de ned as in the permutation group case.

Berlekamp et al. [1] proved that the weight problem for linear binary codes
is NP -complete, and their method was adapted by Vardy [18] to shotiat
the minimum weight problem for linear codes is alsblP -complete. Now we
summarize their results as the following theorem.



Theorem 4 The weight problem and the minimum weight problem for linear
binary codes are botiNP -complete.

Strictly speaking, the input linear code in their papers isigen by a matrix A
such that the codeC = fx : XA = 0g, but we can use Gaussian elimination
to get a basisk for the code.

Given a linear binary codeC of length n, we can construct a permutation
group G(C) S,n, isomorphic to the additive group ofC, as follows: to
each codewordt 2 E, the basis forC, we associate a permutation . which
interchanges 2 1 and 2 if ¢ = 1, and xes these two points ifg = 0. In
other words,f . j ¢ 2 Eg provides a set of generators for the permutation
group G. Since ¢, ¢, = ¢+c,, We know is well de ned for each code word
in C as well. The following example shows how this process works.

Example Consider the codeC given by its basisE = fc;;cg with ¢; =
0100 andc, = 0101. Then G = h ; I IS a permutation group acting on
f1,2; ;8gwith the following two generators:

a=(3:4) and ., =(3;4)(7;8):

Now the Hamming weight of . is twice the Hamming weightw(c) of c. More-
over, sincg (i) ij 1foralli, the weights de ned by all our metrics except
I, are monotonic functions of the Hamming weight of: we have

Wr( )= wm( )= wW( ¢)=wWy( ¢)= w(c);
Wy (¢) = wi( ¢) =2w(c);
Wiy 9 = @W(E)™,

It follows that the weight problem and minimum weight problen for all the
metrics given in Section 2 except fol; are NP -complete:

Theorem 5 The weight problem and the minimum weight problem for the
Hamming, Cayley, movement|, (for 1 p < 1), Kendall's tau, Lee and
Ulam metrics are allNP -complete.

The weight and minimum weight problem forl; requires separate treatment,
as does the maximum weight problem for all metrics.

4 Maximum Hamming weight problem and the FPF problem

The largest possible weight for a linear cod€ of length n is n; this is attained
only if C contains the all-1 vector. Given a basis foC, this can be checked



in polynomial time. So we need a di erent argument for the marum weight
problem.

Elementsg 2 G with Hamming weight n (also called xed point free elements
or derangement} are of special interest in many applications. Formally, we
have

wu(@=n, x (@=f 2 jg= g=;:

All such elements form a subset o, denoted by:

FPF(G) = fgiwu(9)= ng=fg2Gj(8 2 ) g 6 g

In short, we will call G xed point free (FPF) if FPF(G) 6 ;. Notice that
W (9) n holds for any elementg 2 G  S,. Therefore, the problem of
deciding whether there is an elementj 2 G with Hamming weight n is the
the same as the following problem:

Problem 6 Fixed-Point-Free (FPF )
Instance: Generators for G in the form of product cycles.
Question: WhetherG is FPF .

Since we can verify whetheg 2 FPF(G) in polynomial time by checking the
action of g on each point of , FPF belongs toNP . Now we will prove the
NP-completeness of the maximum Hamming weight problem by eWing that
FPF is NP-complete. To this end, we construct a polynomial-timeeduction
from NAESAT , an NP -complete problem [13] de ned as:

Problem 7 NAESAT

Instance: CollectionC = fc;;¢; ;cng of clauses on a nite setU of boolean
variables such thajcj=3 for1 i m.

Question: Is there a truth assignment fotJ such that in no clause are all three
literals equal in truth value (neither all true nor all falsg?

Given an arbitrary instance ofNAESAT (U; C), that is, a set of n variables
U=1fx;; ;Xpgandasetofm clausesC = f¢;;¢;  ;Gn0, each with length
3, we will construct a permutation groupG such that G is FPF if and only if
there exists a truth assignment of J; C) such that no clause fromC has all
literals true, or all literals false.

To this end we construct a domain = f1;2; ;2n+4mgand a permutation
group G acting on it. HereG = hg;g’j i =1; ;ni and the cycle structure
of each generator is given as follows.

Step 1: For eachx; in U, we have the variable gadget (2 1;2i) and associate



it with generators g and g°

Step 2: For each clause; = ¢:.1_ G2 _ G.3, we have the clause gadgets

hi1=(p+1;p+2)(p+3;p+4)
hi2=(p+1;p+3)(p+2;p+4)
his=(p+1;p+4)(p+2;p+3)

wherep=2n+4(j 1).

Furthermore, each clause gadget is associated with a gerteravia the follow-
ing way:

If ¢k = X¢, then h;y is associated with generatog.
If ¢k = X¢, then h;y is associated with generatogto.

To show how the above transformation works, we give an exanapl

Example : The transformation from NAESAT to FPF.

We are given an instance oNAESAT (U;C) as follows:U = fXy;X;; X30,
and C = f¢; ¢; C3; &40, Where

C1 = X1 _ X2 _ Xg,

= X1 _ X2 _ Xz,

C3 = X1 _ X2 _ Xz,

Cs = X1 _ Xo_ Xa.

Then ft(xy) =T, t(xp) =F, t(x3) =T gis a satisfying truth assignment such
that all clauses take diverse values.

&
[

By the above transformation process, we hav® = hgy; of; o»; 05; gs; i, which
acts on the domain = f1;2;, ;22.

01 = (1;2)h11hs3q = (1;2)(7;8)(9; 10)(15 16)(17 18);

09 = (1;2)hzaha = (1;2)(11; 12)(13 14)(19 20)(21; 22);

% = (3;4)h12hs0hs2 = (354)(7;9)(8; 10)(15 17)(16 18)(19 21)(20, 22);
o9 = (3; 4)hz2 = (3;4)(11; 13)(12 14);

% = (5;6)h1shas = (5;6)(7; 10)(8, 9)(19; 22)(20; 21);

09 = (5;6)hz3hs3 = (5;6)(11; 14)(12 13)(15 18)(16, 17).

It's straightforward to show that g = g;9%gs 2 FPF(G), corresponding to the
truth assignment.

Because each instance MAESAT with n variables andm clauses will be
transformed to a groupG with 2n generators acting on a domain of size
2n+4m, such procedure can be completed in polynomial time. Now wiaien:

Lemma 8 For the group G constructed as above-PF(G) 6 ; if and only if



(U; C) has a truth assignment such that each clause has diverse eslu

PROOF. Lett:U!f F;Tgbe a truth assignment of J; C) such that each
clause ofC has diverse values. Consider the element= gf*g?* ¥*  ging?* ",
wherey; =0 if t(xj) = F and y; = 1 otherwise. In other words,
Y Y
g= g g

t(ui)=T t(uj )=F

Recall that G is acting on the domain = f1;2; ;2n+4mg. Now we will
show that g 2 FPF(G), i.e., g 6 g for each point 2 , by considering the
following two cases:

2n. This implies 2 [2k 1;2k] for an integer k 2 [1;n]. From
the construction of the generators,g; = g = g fori 8 k. Therefore
g=g zkgl(()l Yo = 2k L2kt k= (2k  1;2k) 6

> 2n.Inthiscase, 2 [p+1;p+4]forsomep=2n+4(j 1);1 j m.
Without loss of generality, assume =2n+1and ¢, = X; _ X, _ X3. Then

g = g1'¢’9’ = hihhinh% 6

becausev = (yi1;Y>;¥3) 6 (0;0;0) andv 6 (1;1;1), from the fact that ¢,
has diverse values.

In the other direction, as FPF(G) 6 ;, let g 2 FPF(G) for someg 2 G. Since
each generator of5 has order 2,g = g{*g?* g/ g™ with y;;z 2 f 0; 1g for
1 i n.Nowwe claimz =1 vy, for eachi. Otherwise for somek 2 [1; n],
we havez, + y¢ 0 (mod2), which impliesg = (2k 1;2k)**¥ = for

22k 1;2kg, a contradiction to the fact that g 2 FPF(G). Consider the
following truth assignmentt : U !f T;Fag:

t(x;) = F ify; =0, and t(x;) = T, otherwise.

Now we claim that each clauseg (1 ] m) from C has diverse values
under this assignment. By contradiction, assume without ks of generality
that ¢ = X1 _ X _ X3 has the same values. That meansyq{; y,; y3) = (0;0;0)
or (y1;¥2;¥3) =(1;1;1). In both cases, we have

— YinY2AY3 — Y1 hWY2 LKY3 .
g = 91'%°%’ = hihishid ,

forany 2 [p+1;p+4], wherep=2n+4(j 1). This contradiction completes
the proof of this lemma.



Furthermore, the above lemma implies:
Theorem 9 FPF is NP -complete.
The following corollary is an easy consequence of our constion.

Corollary 10 FPF is NP -complete even whei®& is an elementary abelian
2-group and each orbit has size at modt

BecauseFPF is a special case of the maximum Hamming weight problem,
now we obtain the following theorem:

Theorem 11 The maximum Hamming weight problem iSIP -complete, even
whenG is an elementary abeliarR-group and each orbit has size at modt

We remark that the NP -completeness oFPF can be proved by a reduction
from 3SAT , as was done in [2], but the argument given here allows smalle
groups to be used. This will be important for similar argumets in Section 7.

5 The maximum weight problem for other metrics

In this section we will consider the maximum weight problemsorresponding
to the metrics de ned in Section 2, with the exception of; .

5.1 Cayley metric and movement

Lemma 12 For an elementary abeliar2-group G, we have

wh(g)= M(g)=2 wy(g) forall g2 G:

PROOF. BecauseG is an elementary abelian 2-group, we know each2 G
has only 1-cycles and 2-cycles. And any 1-cycle contributé$o Hamming and
Cayley weights and movement, while 2-cycles contribute 2 tine Hamming
weight and 1 to the Cayley weight and movement.

The above lemma implies that the Cayley weight problem and #gthmovement
weight problem can be reduced to the Hamming weight problenin other
words, it leads directly to the following theorem.

Theorem 13 The maximum movement and Cayley weight problems e -
complete, even wherts is an elementary abeliar2-group and each orbit has



size at most4.

5.2 |, metric

We de ne the span of an orbit O to be max(©) min(O).

Similar to the transformation process in Section 4, this ptdem can be re-
duced fromNAESAT . For any instance ofNAESAT with n variables andm

clauses, the domainis =f1;2; ;2n+12mgand the permutation groupG

is given by 2 generators, which are constructed by variable gadgets ankase
gadgets. Now the variable gadgets are the same as that in Sent4 but the

clause gadgets needed to be modi ed a bit: for each clauge= ¢:.1_C.2_ C3,

the clause gadgets act on a bloclq{g+ 12], whereq = 2n+12(j 1), as
follows.

h),=(q+1;9+2)(q+3;q+4)(q+5;q+7)(q+6)(q+8)
(g+9;9+12)(q+10;q+11)

hi>=(q+1:9+3)(a+2;9+4)(q+5;q+8)(q+6;q+7)
(g+9;g9+10)(gq+11;9+12)

his=(a+1;q+4)(q+2;9+3)(q+5:q+6)(q+7;q+8)
(g+9;g9+11)(gq+10;9+12)

Calculation shows thatw, (h{.) = wi, (h{) = wi, (hf5) = beva 22 B

forl p<1.0Onthe other hand,w (2i 1;2i))= *2fori 2 [1,n]. Let

K = n'%é+ me6+4 P +2 3P

Sinceh?; = h¥,h?;, h?, = h?,h?; and h?; = h?;h0,, we knoww, (g) K
holds for anyg 2 G. Furthermore, g 2 FPF(G) if and only if w; (g) = K.
Therefore an argument similar to that in Section 4 leads to # following
theorem:

Theorem 14 For 1 p < 1, the maximum |, weight problem isNP -
complete, even wherts is an elementary abeliar2-group and each orbit has
span at mostl2

10



5.3 Lee metric

The maximum Lee weight problem is similar to thd; weight problem. More

points i > n= 2, then the Lee weight and; weight coincide onG. This implies
the following theorem:

Theorem 15 The maximum Lee weight problem iBIP -complete, even when
G is an elementary abelian 2-group and each orbit has span atshd2

5.4 Kendall's tau and Ulam metrics

We use the same construction as that fdp weight problem in Section 5.2. Now
W (hﬁl) = w (hj?z) =w (hj?3) =12 and WU(hj?l) = WU(hﬁz) = WU(hj?3) =7,
which imply the following theorem:

Theorem 16 The maximum Kendall's tau and Ulam weight problems are
NP -complete, even whel® is an elementary abeliarR-group.

6 The I; weight problems

The proof that the |, weight problem is NP -complete is similar but a bit
more complicated. Part of the reason for this is the followgn result:

Theorem 17 The |; maximum weight problem is irP.

PROOF. The I; norm of any permutation in G is bounded above by the
maximum span of an orbit ofG. Moreover, this bound is attained, since there
exists 2 G with (min(O)) = max( O) for any orbit O. Now the result

follows since the orbits can be calculated in polynomial tim (they are the

connected components of the union of the functional digraphcorresponding
to the generators ofG).

However, the following holds:

Theorem 18 Thel; weight problem and minimum weight problem f@& are
bothNP -complete, even whefs is an elementary abelian group and each orbit
has span?.

11



PROOF. We use the usual strategy, reduction frofNAESAT , with an extra
trick. The clause gadgets are a bit more complicated. De negomutations
h1; ha; hs by

hy = (1;3)(2; 4)(5; 7)(6; 8)(9; 13)(L0; 14)(LL; 15)(12 16)(17; 23)(18 24)
(19; 21)(20 22)

h, = (1;5)(2; 6)(3; 7)(4; 8)(9; 15)(L0; 16)(LL; 13)(12 14)(17; 19)(18 20)
(21; 23)(22 24)

hs = (1;7)(2;8)(3; 5)(4; 6)(9; 11)(10 12)(13 15)(14 16)(17; 21)(18 22)
(19; 23)(20, 24)

Note that each of these ha$, weight 6. We also take a permutation

g=(1;8)(2;7)(3;6)(4;5)(9;16)(1G 15)(11 14)(12 13)(17,24)(18 23)
(19; 22)(20, 21)

Note that g has weight 7 butgh; has weight 5 fori = 1;2; 3. We can translate
each of these permutations to act on the bloclpf 1; p+24] in the obvious way
without changing thel; weight. In other words, for an instance oNAESAT
with n variables andm clauses, we will construct a domain =f1;2; ;2n+
24mg.

For a variable gadget we can simply take one of the permutatis h;, and the
same permutationg.

Now let H be the group produced as in Section 3, an@ be generated byH
and the element which acts ag on every gadget. Consider the question: does
G have an element of norm 5? Such an element must be of the fogin, where

h is non-identity on each block; so norm 5 is realised if and gnif the group

in Section 3 has a FPF element, which we have shownN§> -complete.

Since the minimum |; -norm of elements ofG is either 5 or 6, the NP -
completeness for minimum norm is also established.

7 The weight problem for matrix groups

In linear groups over nite elds, eigenvalue-free matrice (that is, matrices
having no eigenvalues) play a similar role to xed-point-ee matrices in per-
mutation groups. See, for example, the enumeration resulier classical groups
in [12].

12



So we want to consider the following problem in matrix groupsorresponding
to the FPF problem in permutation groups:

Problem 19 Eigenvalue-Free EF)
Instance: Generators for a matrix groupM .
Question: WhetherM contains an Eigenvalue-free matrix.

Now we have the following theorem:

Theorem 20 The Eigenvalue-free problemEF) is NP -complete.

PROOF. We follow the proof for FPF , using matrices rather than permu-
tations as our variable and clause gadgets.

A matrix is eigenvalue-free if and only if it acts xed-pointfreely on the pro-
jective space. Now the projective line ovef; contains four points, and admits a

Klein four-group, induced by the quaternion subgroupd = f |, a;; a;; asg
of GL(2; F3), where
0 1 0 1 0 1
01 11 1 1
a=0 K m=@ K a-@ K
10 1 1 11

We havea? = a3 = a3 = ayaaz = |.

Let a denote the image ofa in PGL(2;F;3), and H = fa: a2 Hg = H=F,.
Then H is isomorphic to the Klein groupZ, Z,, as is the subgroup formed
by the clause gadgets in Section 4.

Now it's easy to check thata;, a, and a; are eigenvalue-free. Take one of
them, say a;, as the variable gadget. Similar to the proof in Section 4, we
construct a matrix group M = MM;;MZ  ;M,; M0 with each M, of size
(2n+2m) (2n +2m) for an arbitrary instance (U;C) of NAESAT with
jUj = n and jCj = m. The matrix M; has the following block structure:

M =diagfA1;A2;  ;AnBi B
where A; is the variable gadgeta; and all other A; (i 6 t) arel, and B, is
g forsome 1 j 3 if and only if x; appears in thej -th position of clause
¢ and the others arel . The same method is used to construdvlt0 while we

should notice that B, is g if and only if x; appears in thej-th position of
clausec,.

The proof that (U; C) has a satisfying assignment foNAESAT if and only

13



if M contains an eigenvalue-free matrix is similar to that in S¢ion 4 and we
will leave it as an exercise to the reader.

8 Further topics and open problems

In this section, we discuss further topics and open problemnslated to weight
problems.

8.1 Fixed-point-free elements in transitive groups

Although FPF is NP -complete in arbitrary permutation groups, it is trivial
in transitive groups, because of an old result of Jordan [1II7]: forn > 1, the
answer is always \Yes"; that is, every transitive group of dgreen > 1 contains
a FPF element. It is further known [6] that a proportion at least 1=n of the
elements of such a group are FPF. We could modify the probler ask: How
hard is it to nd a FPF element?

There is a very simple randomized algorithm to nd a FPF elemd. If we
choosekn elements ofG at random, then the probability that we do not nd
a FPF element is at most

that is, exponentially small.

We conjecture that there is a deterministic polynomial-tine algorithm to nd
a FPF element in a transitive group. The algorithm (based on @aroof in [10])
would run as follows:

Step 1: Since blocks of imprimitivity can be found in polynomal time, and
since an element ofj which xes no block of imprimitivity must be FPF on
points as well, we can reduce to the case where the groGps primitive.

Step 2: Now a minimal normal subgroupN of G is transitive, and is a product
of isomorphic simple groups. IN is regular, then any of its elements except
eis FPF. Otherwise, one more iteration of Steps 1 and 2 gives eogp which
is primitive and non-abelian simple.

Step 3: Now we identify the simple group and its action (usinthe Classi ca-
tion of Finite Simple Groups), and from this knowledge, nd aFPF element
directly.

14



For example, suppose that the simple grouf is an alternating group A,

element ofA,, lying in no conjugate ofH . Otherwise, a 3-cycle (in the natural
action) is FPF (in the given action).

It seems likely, but is not entirely clear, that Steps 2 and 3an be done in
polynomial time. Certainly the algorithm is by no means sim|e!

In [10], it is shown that a transitive permutation group of dgree greater than 1
contains a FPF element whose order is a power of a prime. Theoof of this

theorem, unlike Jordan's, requires the Classi cation of Fiite Simple Groups.
What is the complexity of nding such an element? The algoritm outlined

above may work for this question as well.

We have been unable to decide the complexity of the weight gylems for the
other metrics considered in this paper restricted to transive groups.

Another open question is to decide the complexity o#FPF , the counting
problem of FPF , for a transitive group G. For general groups, this problem
is #P complete since our transformation fromNAESAT is parsimonious.
(See Welsh [19] for background.) However, wheB is transitive, the FPF
problem is trivial but the complexity of #FPF remains unknown though the
approximation is easy via a conclusion in [6].

8.2 Other metrics

If is any set of generators of S, satisfying = 1 the Cayley graph
Cay(Sy; ) has vertex set S, and an edge from to forany 2 S,. The
distance function in the Cayley graph is a right-invariant netric. It is left-
invariant if and only if is a normal subsetof S, that is, 1= for all

2 S,.

The Cayley metric and Kendall's tau arise in this way, taking to be the set
of all transpositions and the set of all adjacent transposidns respectively.

Given a set which can be speci ed with a polynomial amount ofinformation
(for example, of polynomial size or consisting of elementsith one of a list
of polynomial size of cycle types), we can ask about the WetgRroblem for
the metric de ned by the Cayley graph CayG,; ).

Metrics on S, which are not right-invariant have also been studied. In ths case,
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in place of the weight problem as stated earlier, we ask whetha particular
value of the metric is attained as the distance between twoeghents of the
given subgroupG.

For example, thecommutation distanceon S, is the distance in thecommu-
tation graph, whose vertex set isS, n feg, with an edge between and if
and only if = . (Since e commutes with every element, extending this
metric to all of S, in the obvious way would make the commutation distance
trivial') Our techniques are of no help in the problem of deding which values
of this distance occur onG nfeg for a given groupG. This metric is neither
right nor left invariant but it is conjugation-invariant.

For the metrics mentioned in Section 2, there is a dichotomyof their weight
problems: each is either irP or NP -complete. Is there a general dichotomy
theorem for problems of this type? If not, can we construct see metrics whose
weight problems are between these two categories?

8.3 Complex linear groups

Our questions about Hamming distance for permutation growgcan be gener-

alised to linear groups, if we do not require that the \norm faction" is derived

from a metric. The character of a complex linear representation of a group

G is the function , where (Q) is the trace of the matrix representingg, for

g 2 G. Note that any permutation group has a natural matrix represntation

(by permutation matrices); the character of this represermtion is given by
(9) = x( G), the number of xed points.

So the analogue of the Weight Problem is: Given matrices gea@ng a group
G (over the complex numbers) and a complex numbaeg; is there an element
g 2 G with (g) = ¢? This problem is NP -complete since it includes the
Hamming weight problem for permutation groups.

There is also an analogue to the material in Section 8.1. A theem of Burn-
side [3, p.319] shows that, if the complex representation & with degree
greater than 1 is irreducible, then there is an elemerg 2 G with (g) = 0.
(This is analogous to Jordan's result, but is not a generalsion since the
representation of a transitive permutation group by permudtion matrices is
not irreducible.) So we can ask the question: what is the congxity of nding
such an element?
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8.4 Other properties

We conclude this section with a general observation. For s@aycle structures,
deciding whether a permutation group given by a set of geneaas contains a
permutation with such structure is NP -complete. For example, in Section 4,
we showed thatFPF is NP -complete, and in our example, a FPF element
is necessarily a product of 2-cycles. On the other hand, thetal number of
cycles of a permutation , including xed points, isn wr( ). Therefore from
Section 5.1, to decide whetheG contains an element with a speci ed humber
of cycles isNP -complete.

Similarly we can \translate" problems concerning metricsnto related proper-
ties. For Ulam's metric, we can de ne an associate sequergef a permutation

to be a longest increasing subsequence in ¢(1);:::; %(n)). Then to de-
cide whether G contains a permutation with associate sequence with given
length is hard. The same approach can be used to nd hard pradhs for
other metrics.
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