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Abstract. We discussthe problem of counting incidence matrices i.e. zero-onematrices with
no zerorows or columns. Using di eren t approacheswe give three di eren t proofsfor the leading
asymptotics for the number of matrices with n onesasn — co. We also give re ned results for
the asymptotic number of ¢ x j incidence matrices with n ones.

1. Intro duction

We call an incidence matrix a zero-onematrix with no zero rows and columns and denote by
F (n) the number of incidencematrices with exactly n ones,wheren 2 N. For example,the four
incidence matrices with n = 2 are

1 1
1 0

(1 1); :

]
o

The rst few terms of the sequencer(n) for n 2 N are
1;4; 24,196 2016 24976 36179259978721119695%2; : : :

taken from the On-Line Encyclopedia of Integer Sequenes [7], where this appears as sequence
A101370. For convenience,we further de ne F(0) = 1.

If oneimposesadditional symmetriesor constraints, sud asallowing or prohibiting repeated
rows or columns, or considering equivalence classesunder row or column permutations, one is
led to many di erent enumeration problems, as discussedin [5].

The courting problem can be interpreted in a surprisingly rich variety of dierent ways,
leading to rather di erent mathematical approaces.

Counting hyp ergraphs by weight

set of vertices), the incidence matrix A = (a; ) is the matrix with (i;]) entry 1if x; 2 Ej,
and 0 otherwise. The weight of the hypergraph is the sum of the cardinalities of the edges.
Thus F(n) is the number of vertex- and edge-latelled hypergraphs of weight n with no
isolated vertices, up to isomorphism.

Counting bipartite graphs by edges

Given a zero-onematrix A = (Aj ), there is a (simple) bipartite graph whosevertices are
indexed by the rows and columns of A, with an edgefrom r; to ¢ if Aj = 1. The graph



has a distinguished bipartite block (consisting of the rows). Thus, F(n) counts labelled
bipartite graphswith n edgesand a distinguished bipartite block.

Counting pairs of partitions, or binary block designs

A Dblack design is a set of plots carrying two partitions, the treatment partition and the
block partition . It is said to be binary if no two distinct points lie in the samepart of both
partitions; that is, if the meet of the two partitions is the partition into singletons. Thus,
F (n) is the number of binary block designswith n plots and labelled treatments and blocks.

Counting orbits of certain permutation groups
A permutation group G on a set X is oligomorphic if the number F,(G) of orbits of G on
n-tuples of elemerts of X is nite for all n. Equivalertly, the number F,(G) of orbits on
ordered n-tuples of distinct elemens of X is nite, and the number f,(G) of orbits on n-
elemen subsetsof X is nite, for all n. Thesenumbers satisfy various conditions, including
the following: P
Fr(G) = 1o S(n;K)Fk(G) and its inverseF,(G) = = ¢, s(n; K)F, (G), with s(n; k)
and S(n; k) Stirling numbers of the rst and secondkind, respectively;
fn(G) Fn(G) nlfy(G), wherethe right-hand bound is attained if and only if the
group induced on a nite setby its setwise stabiliser is trivial.
For example,let A bethe group of all order-preservingpermutations of the rational numbers.
Then f,(A) = Land F,(A) = n!.
Now if H and K are permutation groups on sets X and Y, then the direct product
H K acts coordinatewise on the Cartesian product X Y. It is easyto seethat
Fo(H  K) = Fo(H)F,(K).
Let (X1;¥1), ..., (Xn;yn) be n distinct elemens of X Y. If both X and Y are ordered,
then the set of n pairs can be described by a matrix with n onesin these positions, where

respectively (in the appropriate order). Thus
F(n)=f(A A):
Discussionof this \pro duct action" can be found in [4].

For an extended discussionof these interpretations see[5]. For instance, when considering
hypergraphsit is more natural to considerthe unlabelled problem, which leadsto identi cation of
incidencematrices which are equivalert under permutation of rows or columns. Also, forbidding
repeated rows correspondsto courting simple hypergraphswith no repeated edges.

2. The asymptotics of F(n)

It is possibleto compute F (n) explicitly. For xed n, let mj (n) be the number ofi j matrices
with n ones(and no zerorows or columns). We set myp(0) = 1 and F(0) = 1. Then
X Xk | Kl
my ()= 1)

i kijol
so by Mebius inversion,

X X . "
mam =" et @
i kol
and then X X
F(n) = mij (n): 3)

i njn



For sequencen,, b,, we usethe notation a, b, to meanlimn;1 a,=h, = 1. It is clearfrom
the argumert above that

n? 1 0
F(n) p——(ne)";
n 2n
and of courseconsidering permutation matrices shaws that
P— non
F(n n! 2n —
(n) S
Theorem 1 | 1
n! 1 2
F(n) —e 20092° ___— .

We remark that for n = 10, the asymptotic expressionis about 2:5% lessthan the actual
value of 2324081728.

As announcedin [5], we have three di erent proofs of Theorem 1. The rst proof employs
pairs of random preordersand a probabilistic argumen, the secondproof usescournting of orbits
of products of permutation groups, and the third proof employs a surprisingly simple identit y.
First Pro of: This proof usesa procedurewhich, when successfulgeneratesan incidencematrix
uniformly at random from all incidence matrices. The probability of successcan be estimated
and the asymptotic formula for F(n) results.

Let R be a binary relation onasetX. We say R is re exive if (x;x) 2 R for all x 2 X. We
sa& R is transitive if (x;y) 2 R and (y;z) 2 R implies (x; z) 2 R. A partial preorder is a relation
R on X which is re exiv e and transitive. A relation R is said to satisfy trichotomy if, for any
X;y 2 X, oneof the cases(x;y) 2 R, x =y, or (y;x) 2 R holds. We sa that R is a preorder if
it is a partial preorder that satis es trichotomy. The membersof X are said to be the elements
of the preorder.

A relation R is antisymmetric if, whenewer (x;y) 2 R and (y;x) 2 R both hold, then x = y.
A relation R on X is a partial order if it is re exiv e, transitiv e, and antisymmetric. A relation
is a total order, if it is a partial order which satis es trichotomy. Given a partial preorder R
on X, dene a new relation S on X by the rule that (x;y) 2 S if and only if both (x;y) and
(y;x) belongto R. Then S is an equivalencerelation. Moreover, R inducesa partial order X on
the set of equivalenceclassesof S in a natural way: if (x;y) 2 R, then (X;¥) 2 R, whereX is
the S-equivalenceclasscorntaining x and similarly for y. We will call an S-equivalenceclassa
black. If R is a preorder, then the relation R on the equivalenceclassesof S is a total order. See
Section 3.8 and question 19 of Section 3.13in [3] for more on the above de nitions and results.
Random preordersare consideredin [6].

Given a preorder on elemerns [n] := f1;2;:::;ng with K blocks, let B;;B»;:::; Bk denote
the blocks of the preorder. Generate two preorders uniformly at random, B1;B»;:::;Bk and
BYBY;:::;BY. Foreah 1 i<j n,dene the event Dj; to be

D;; = ffor ead of the two preordersi andj arein the sameblockg:
Furthermore, de ne X
W = IDi:i ;
1igf n

where the indicator random variables are de ned by

1 if Dj; occurs

oy = 0 otherwise



If W = 0, then the procedure is successful,in which caseBy \ BIO consists of either O or 1
elemens foreadhl k K andl1l | L. If the procedureis successfulthen we de ne the
corresponding K L incidencematrix A by

A, = 1 ifBi) B6 ;;
KIZ 0 if B\ BY=;:

It is easyto ched that the above de nition of A in fact producesan incidence matrix and that

ead incidencematrix occursin n! di erent ways by the construction. It follows that

P(n)?P(W = 0)
n! '

F(n) =

where P (n) is the number of preorderson n elemenisif n 1 and P(0) = 1.
It is known (see[1], for example) that the exponertial generating function of P(n) is

R P 0 1

nncT2 e @
n=0
The preceding equality implies that P(n) has asymptotics given by
n! n+1l
P - — 5
n 3 l0g2 (5)
It remainsto nd the asymptotics of P(W = 0).
The rth falling momert of W is
E(W), = E\SI(W 1) (W r+1) 1
X
= E@ lige i A (6)
pairs (is;js) dierent 1 !
X X
= E@ li, L A+E e liege (7)
all is and js dierent
X
with de ned to be the sumwith all pairs (is;js) dierent, but not all ig;js dierent.
First we nd the asymptotics of the rst term in (7). For given sequencedi;io;:::;ir,
Juj2y: 5], the expectation E(li,;j,  1i,;,) is the number of ways of forming two preorders

cortaining is in both preorders (which ensuresthat Dj,;, occurs for ead s) and dividing the

result by P(n)z. Sincethe number of ways of choosingi1;io;:::ir, j1j2iiitiir equalsﬁ!m!,
This gives
0 1
X 2
E€ R Oy F)(F?(n)?
all is and js dieren't
(log2)? "
> ;

where we have used (5).



The secondterm is boundedin the following way. ézor eadh sequencdi1; j;é (io;j2);::0:(isiis)
in the secondterm we form the graph G on vertices _, fis;jsg with edges ;_ ff |S,Jsgg Con-
sider the unlabelled graph G°corresponding to G consistingof v verticesand ¢ componerts. The
number of ways of labelling G°to form G is bounded by nY. The number of preorders corre-
sponding to this labelling is P(n v+ c) becausewe form a preorderonn v+ c vertices after
which the verticesin the connectedcomponent of G containing a particular vertex get addedto

that block. Therefore, we have
I

e ligs i T P v o
e . P02
- )? o) r]2c \ :
GO
wherethe constart in O n% Vv is uniform over all G°becausev  2r. Sinceat least one vertex

is adjacert to more than one edge,the graph G is not a perfect matching. Furthermore, eath
componert of G cortains at least two vertices. It follows that 2c < v and, as a result,

!
X

— 1.
E Iil;jl Iir;jr =0n .

The precedinganalysis shows that

(log2)* '
2

E(W)r
for eath r 0. The method of momerts implies that the distribution corvergesweakly to the
distribution of a Poisson((log2)?=2) distributed random variable and therefore

(log 2)?
2

P(W = 0) (8)

Second Pro of: We now give a proof using product actions of groups, as discussedin the
introduction. First of all, this approac leadsto a di erent and simpler expressionthan (3) for
F (n) asa sum of terms of alternating sign.

Prop osition 2

X
Fm= " s kP2
"k=1

where
xn

P(n) = S(n; k)k!
k=1
is the number of (total) preordersof f1;:::;ng, and s(n; k) and S(n; k) are Stirling numkers of
the rst and second kind respectively.

This is proved in [4], but can be seenas follows. Using the group A of all order-preserving
permutation groups acting on Q, we conS|dertheFd|rect product A A actingon Q Q. We
have F,(A) = n!, whenceit follows that F,(A) = -1 S(n;k)k!'= P(n). Thus

pd
F.(A A)=P(n)?= S(n; K)F (A A);
k=1



and sothe inverserelation betweenthe two kinds of Stirling numbers gives

X
Fo(A A)=  s(nk)P(k)Z%:
k=1
Finally, the group A A has the property that the setwise stabiliser of a nite set xes it
pointwise,and sof,(A A)=F,(A A)=n!.
We now replaceP (k) by the asymptotic form (5) given earlier. For k  n=2, the di erence is
exponertially small; and we will shav below that the cortribution of the terms with k < n=2 is

negligible, soit su ces to note that the error we make is smaller than the approximated term.
Solet "
Fqn) = 11 s(n; k)(k12ck*
4 nl
k=1
where c = 1=(log 2)? is asin the statemert of the theorem. As we have argued, F(n) F{n).
Now ( 1)" ¥s(n; k) is the number of permutations in the symmetric group S, which have k
cycles. Sowe canwrite the formula for F{n) asa sumover S,,, wherethe term corresponding to

a permutation with k cyclesis ( 1)" X¥(k!)2c*1. In particular, the identity permutation gives
us a contribution
n+l.

o) = Znic™

and we have to shov that Fqn) Cg(n) asn! 1, whereC = exp( (log2)?=2).

To prove this, we write Fqn) = Fn) + FXn) + F)n), wherethe three terms are sumsover
the following permutations:

F2 all involutions (permutations with 2 = 1);
FJ the remaining permutations with k  dn=2g;
F2 the rest of Sp,.

We arguethat F{n) Cg(n), while F)n); FXn) = o(g(n)).

CaseF2 Letl=n k. Now aninvolution with k cycleshas| cyclesof length 2andn 2|
xed points; sol n=2. The number of such permutations is

n @)y _nn 1) (n 21+1)

20 21 211
So
FAn) _ X*nn 1) (n A+1) ln 2
a(n) -0 2 (n!)2
O 1 'y (n 2+ 1)
T 12 n (n I+1)
1=0
Now
X1 1! 1
ﬁ 2_C = exp 2_C —C,

1=0

sowe have to shaw that the factor involving h makesno di erence to the limit. Now this factor
is always lessthan 1, so the seriesis absolutely corvergert (and uniformly in n); so we can
chooser large enoughthat the sum of r terms of ead sequencds closeto its limit. Then, since
the factorstend to 1 asn! 1, for n large ead of theser terms is closeto its limit. Sothe
assertionis true: that is, F{n) Cg(n).



CaseFJ A permutation which hask = n | cyclesand is not an involution has at least
n 2+ 1 xed points, and there are at most

n

) 1(2I Di=nn 1) (n 2+2

sud permutations. So, ignoring signs,

F(n) X (n Hhin 1 1) (n 2+2)
a(n) o nn 1) (n 1+1)
S
n 1 c?’

which is O(1=n).
CaseF$ We simply obsene that there are at most n! such permutations, so

Fam X k2
a(n) ey N

Now n!=(k)? ", (2 )" forlargen, sothis sumisO((2 ) "n=2)= o(1) asn! 1.
Third Pro of: If oneis interestedin asymptotic enumeration of F (n), (2), being a double sum
over terms of alternating sign, is on rst sight rather unsuitable for an asymptotic analysis. The
expressionin Proposition 2 is alsoan alternating sum. We presert a derivation of the asymptotic
form of F (n) basedon the following elegant and elemenary identit y, which givesF (n) asa sum
of positive terms.

Prop osition 3
SRR 1w
F(n) = I 9)
k=0 1=0
Pro of. Insert
1_>4 1k _* 1 (10)
- k+1 i ol+1
k=i 2 I=j 2%
into (3) and resumusing (1).
We start the asymptotic analysisby rewriting (9) as

XA gm0 (k)

niF(n) = 2K+ T (k)N (11)
k=0 1=0
where (X)n = x(x 1):::(x n+ 1) isthe falling factorial. Given the identity
X kn
P(n) = ey ; (12)
k=0

which follows from expanding (4), (11) is bounded above by P(n)?, as the factor (kl),=(kI)"
takesvaluesin [0; 1].



For n kI, a straightforward expansionof the factor gives
2 3
(Dn _ gpa * Bia() Bia(@s

(knn o 10+ DK

(13)

P .
Here, we have used that rk‘zol kKl= (Bj+1(n) Bj+1(0))=(j + 1) where Bj(x) is a Bernoulli

polynomial. It follows that

n2
E';BQ = e 2 1+ O(n=kl) + O(n3=(kl)?) : (14)
(This argumert will be preseried more thoroughly for (z), with complex-valued z in the next
section.) The sum (11) is dominated by terms around k = | = n=log2, so that we expect

the correction to give e (092°=2 which in turn would imply n!F(n)  P(n)2e (0922 The
di erence is given by

gm0 (k)
2- 2-
niF(n) P(n)%e (092" = FTIE gy S (15)
k=0 1=0
To proceedwe choosemg < n=log2 < my and split the summation. We obtain
X RLogn 0 (kD)
2, (log 2)2=2 n log 2)2=2
niF(n) P(n)%e (°92 FTIT (kg C
k= m0|= Mo
0 1
Xoogn ™M1 pn R KD
+2 ok+1 2k+1 + k+1 (16)
k=0 k=0 k=mq+1

Specifying mp = n=log2 cn and m; = n=log2+ cn for 1=2< < 1 andc> 0, we use(14)
to estimate

(KD

Gon €T = e B 1+ O(n=kl)+ O(n’=(kl)?) e (09272

e (092°2 1,0 1) 1+0(n 1Y e (g2)?=2
= o(n b

formg k;I mjy. This allows usto bound the rst term in (16) by P(n)20(n 1). To geta
bound on the secondterm, we utilize the following

Lemma 4 (a) For K;n 2 N and K < n=log2,

Xk kne= 1

&l K 2 oK 3 1
k=0
(b) For K;n2 N and K > n=log?2,
Xogn knewK 1
k+1 2K 2 5 en=K - (18)



Pro of Part (a) follows from the estimate

){< n n X< - n n ){( n )4 k
k _ K (k=K) K 2"(1 K=K)" K e N=K
2k+1 2K +1 2k K K +1 2K +1
k=0 k=0 k=0 k=0
and part (b) similarly from
1
Sk
Xookn KR (k=k)" K" X (1+k=k)" KM R g
ok+1 T oK+l ok K 2K +1 ok 2K +1 2
k=K +1 k=K +1 k=1 k=1

For K = n=log2 c¢n, we nd

Knen:K 1 _n”e”en21
2K 2 jeK 2 (log2)"

1

on! y=Pm)O e "’

where = c?(log2)?=2. Using Lemma 4, we therefore bound the secondterm in (16) by
P(n)20 exp( n? 1) . Altogether we nd

niF(n) P(n)%e (92’2=pm)2 om H+0 exp( n? b
and as1=2< < 1, we have

. nIF(n) _ (|Og 2)2:2
n|!l{n P2 - e

which completesthe proof.

3. The asymptotics of my(n)

In this section we preser results on the number of incidence matrices with speci ed numbers
of rows and columns. To obtain the desiredasymptotic form of my(n) from eqgn. (2), we need
to deal with the challenge that summing over large terms with alternating signs can lead to
enormouscancellations. Fortunately, there is a standard trick using the calculus of residues.

Prop osition 5

k!l! n
My (n) = #Res(ﬁ, s=1;t=1): (29)
Pro of Using the fact that -
Res((s); s= m):(n? ;
we write
_oki g XX ()
Ma(n) = ¢ 1 S T T CO T (RD
ket E (s
nt (202 g o, G ko (s+ K)ksa (t+ Disa
_ ko1 gt —(SOn

— ds —_—
N2 D2 G Gen (ke (D1

Here, the cortours G, encircle the (real) interval [a; b] courterclockwise. As the integrand is a
rational function, the contour integrals can be expressedas residuesat in nit y.



This formulation allows us to do the asymptotic analysisvia saddle point analysis of a corntour

integral. We considerthe scaling behaviour of my(n) asn! 1 with k= n andl = n for
xed , . As a preparation, we state the following Lemma.
Lemma 6 Letn 2 N andz 2 C with jzj > n. Then
2 3
— n 4 J +1 J - 1 5 . 2
Moreover, we have the asymptotic expansion
log(z)n (z+ 1=2)logz (z n+ 1=2)log(z n) n
X B 1 1
2k 21)

Lot 2k(2k 1) z& 1 (z nx1
asjz njandjzj tendto innity. Here B,(X) is the n-th Bernoulli polynomial and B, = B,(0)
the n-th Bernoulli numker.

Pro of. We write "

(2)h = 2" 1
k=0

N | X

For jzj > n we take logarithms and expand log(1 k=z) in k=z. Exchanging the order of
summation and using that

X1
kI = (Bj+1(n) Bj+1(0)=( + 1)
k=0

gives (20). One can obtain (21) by substituting B (x) = P r=o E Bkx" X and exchanging the
order of summation again. As the double sum here is not absolutely corvergert, the resulting
series(21) cannot be expected to be cornvergert. Instead of labouring to prove that one still
arrivesat an asymptotic expansion,we point out that the result is just the di erence between
the Stirling seriesfor log(z!) and log((z n)!) and argue that standard argumerts usedin the
derivation of the Stirling seriesalsolead to (21). In cortrast with the Stirling series,which is
valid for jarg(z)j < , the validity of this expansionis not restricted to a sector of the complex
plane.
From (20) we obtain that

n2
(2)n = z"e 2z 1+ O(n=jzj) + O(n®5zj?) ; (22)
whereasfrom (21) we obtain that
(@n=(z n)" * Pz Pe "(1+ O(15z)) + O(15z nj)) : (23)

We now state the main theorem of this section.

Theorem 7 For xed ; > 0,

N () ow( ) a1
M) MOV )™ Oy e (22)



with

>S<(1 e ™) logl e ¥)+logx e ¥X;

x(1 e )
X1 e ™) e I

w(X)

v(x)

andk=n (1 e¥ ), Il=n@ e ¥).

Pro of In order to evaluate the integral

V4 Y4
n! | (st)n
Mk (n) = @02 o ds S ST

asymptotically, we approximate the integrand uniformly using (22) and (23) on contours
satisfying jsj = Rs > kand jtj = R > |. We nd
4 Z

(
mk(N) = — ds dt
(2 1)? js=rs  jti=R

s k)s k 1=2 (t |)t | 1=2 2

n! n<
kit gs n+l=2 tt n+l=2 e =(1+R)

kil

where

R = O(n=RsR:) + O(n*<(RsR1)?) + O(1=Rs) + O(1=R;) + O(15Rs ki) + O(15R; Ij):

Substituting s=n ,t=n ,k=n ,|l=n , this simplies to R = O(1=n) and we arrive at
IO2 z z
. . 1
mq(n) " " nte' d d e lidg(; )e"ilg( 5 )e 7~
@D = i =

with Rs=n andR{=n and

fgy)=(x y)logx y) (x 1)logx and g(x;y)= ((x y)x) ¥2:

As n tends to in nit y, ead integration is dominated by saddlepoints s and s on the positive
real axis. The saddle point equation is

1
0O=@f(s )=log 1 — + —;
S S
(here, @ denotestaking the derivative with respect to the rst argumert) and an identical
expressionfor . There exists a unique positive solution s( ), and a standard saddle-point
evaluation (seee.qg. [2]) gives

"3

2 )?

n n.n

_ . 1 2
¢ & (i)g( 5 )e (5 )g( 5 e Taap

@ (s )@ (s )

n

My (n)

which simpli es to the desiredresult.

Theorem 7 can be usedfor a fourth proof of Theorem 1 via an asymptotic evaluation of the
sum over mg(n). The sumis dominated by terms near ¢ = ¢ = 1=log2 from whenceit follows
that the distribution hasa peak about ks = Is = n=(2log2).

We concludethis paper with giving anidentity for my,(n) which is are nement of Proposition
2.



Prop osition 8

Pro of.
Using (ij )n =

kit Xt
my(n) = o s(n; r)S(r; k)S(r; 1)
=1

n_ s(n; r)(ij )", we write (2) as

X X X o
mam = o smn (R Gy
r=1 ikl

P .
and resumusing kIS(r;k) = | ( 1)k ' ki,
Inversion of (25) gives

X
kKIS(n; K)I'S(n; I) = ris(n; rymg(r)
r=1

(25)

(26)

which hasa straightforward combinatorial interpretation, asr!S(n;r) is the number of preorders
of n elemerts into k blocks. The left hand side of (26) is just the number of ways of choosingtwo
preordersof an n-setinto k and | blocks, respectively. The right hand side of (26) corresponds
to counting the number of ways in which elemers of an n-set can be distributed into r cells of

ak I-array, wherethe cellsare given by k

I-incidence matrices with r ones,for arbitrary r.

Summing (25) over k and | provides another proof of Proposition 2. Proposition 8 could also

be usedas a basisfor Theorem 7. We leave this as an exercisefor the reader.
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